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Previous work [B. Yurke, J. Opt. Soc. Arn. B 4, 1557 (1987)j published on quantizing
Josephson parametric amplifiers has involved a constrained Lagrangian. This paper proposes
a simpler, consistent Hamiltonian approach to quantizing a Josephson parametric amplifier,
without constraints.
Recent experiments with Josephson parametric ampli-
fiers use a Josephson-junction device based upon a dc
superconducting quantum interference device (SQUID)
arrangement. Such devices are currently operated be-
low the quantum noise limit, with Movshovich et al.
demonstrating 47'%%uo+ 8% squeezing of vacuum noise, and
behave like an optical parametric amplifier or an opti-
cal four-wave mixer depending on the dc bias conditions
and pumping scheme. They are in that sense a more
general form of nonlinear device than investigated in tra-
ditional quantum optics, but like micromasers and Ryd-
berg atoms, calculations on these microwave devices can
be done using techniques drawn from quantum optics.
Yurke has calculated the amount of squeezing of the
electromagnetic field expected from a Josephson para-
metric amplifier. This calculation involved deriving the
Heisenberg equations of motion for the quantized coordi-
nates from a cons]rained classical Hamiltonian.
This Brief Report has two main objectives. The
first objective is to point out that Dirac's quantization
procedures limit the possible Hamiltonians and com-
mutation relations, thus removing some possible ambi-
guities in deciding how to analyze quantum eAects in
any new device operating in a quantum regime. This is
an important point, since otherwise diAerent Hamiltoni-
ans could have distinct predictions. While the question
of whether a unique macroscopic Hamiltonian is possi-
ble is not answered here, at least one of the commonly
used alternatives for the 3osephson parametric amplifier
is shown to lead to a constrained quantization problem.
The constrained problem can be quantized, but it gives
relatively complicated and nonstandard commutation re-
lations. An alternative quantization procedure, without
constraints, is given in detail.
In the macroscopic quantization approach, the meth-
ods developed over many years in the area of quantum
field theory are applied to the quantization of electronic
circuits. One begins with a Lagrangian density whose
classical Euler-Lagrange equations correspond to circuit
equations" for the generalized coordinates. However, the
Lagrangian is not uniquely determined by the equations
of motion. For example, an arbitrary function of time
can be added to the Lagrangian without changing the
Euler-Lagrange equations of motion. In fact, the La-
grangians that give rise to a given classical time evolution
are not even equivalent, as the Hamiltonians they pro-
duce may have inconsistent Hamilton's equation of mo-
tion. This occurs when the conjugate momenta are not
independent functions of the velocities. In this case, con-
straints will appear which must have zero Poisson bracket
with the Hamiltonian in order that they remain true for
all time.
To illustrate the point at hand, we start with the sim-
plest possible Josephson device, represented by the junc-
tion itself, shunted with its electrostatic capacitance. The
Josephson equations are well known and relate the phase
difference P across the junction to the voltage and current
in the circuit:
I = I, sin P ,
h dP
2c cA
where I, denotes the critical current and Q the charge
on the capacitor. The capacitance across the junction re-
lates Q to V. Thus there are four possible variables that
can be used to describe this macroscopic device, namely
I, V, Q, and P. In order to have a closed set of equa-
tions, the capacitance defining equation and the equation
of charge conservation are also necessary, giving
V=Q/C.
In most approaches to quantization, it is usual to
regard I and V as derived variables. The charge Q
and phase P are perhaps more fundamental, since their
derivatives occur in the equations. In principle, either
or both could be regarded as the fundamental coordi-
nate of the quantum system. The simplest technique,
espoused by Leggett and co-workers, is to also elimi-
nate the charge Q. The charge then later reappears as
a canonical momentum of the system. This gives the
fundamental equation, on combining (1) and (2), as
hC ding I, in/s. —2c dt
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The Lagrangian (4) is only one of a set of Lagrangians dif-
fering by additional functions of time and arbitrary scale
factors which produce an Euler-Lagrange equation (3).
Here the scale factor is set by requiring that the kinetic-
energy term reproduces the known electrostatic energy
of a capacitor, while the potential-energy term must cor-
respond to that obtained if the junction is regarded as
a nonlinear inductor. This procedure is at least self-
consistent, since it is equivalent to the quantization of a
one-dimensional particle. Objections to it can be raised,
since the phase variable has an intrinsic periodicity which
is being ignored here. In fact, there are alternative pro-
cedures using angular momentum operators, ~ which
may be an improvement under some circumstances. It
seems reasonable to suppose that provided AP &( 2~,
this procedure is a sensible one, although questionable
physically in cases where AP ) 2m.
The more complicated case of the interaction between
quantized electromagnetic fields and Josephson paramet-
ric amplifiers has been discussed by Yurke. The model
used for the Josephson parametric amplifier consisted of
a parallel Josephson junction, inductor, and capacitor
circuit terminating two transmission lines (see Fig. 1).
The junction behaves like a nonlinear inductance, and
does parametric work on a signal propagating along a
low impedance transmission line. The second transmis-
sion line models a loss impedance and allows noise to
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FIG. 1. Equivalent-circuit diagram for a Josephson para-
metric amplifier. The symbols J, J, C, Zo, and Z~ represent
an ideal Josephson junction, inductor, capacitor, signal trans-
mission line impedance, and loss transmission line impedance,
respectively. The values of L and C are the effective induc-
tance and capacitance of the real device. The eR'ective Joseph-
son junction has a critical current I„which is controllable in
an experiment along with the dc component of the junction's
phase.
This is Newton's equation of motion for a particle moving
in a potential well, and has a possible Lagrangian and
Hamiltonian of
C f h 5 ' ('dy'~ ' hL= —
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interact with signal modes. Transmission lines are semi-
infinite extending to z = +oo and are described by a
one-dimensional field Q(z, t). The classical Lagrangian
density used by Yurke was
hL = b(z) —(I, cosg+ QQJ)2c
2+b(~) l QL,—— (Q —QJ —QL, —Qn)i2 2C
+H-( ),'Q'- 1 (OQ2Cp (Oz
LR '2 1 (DQa
+H+(&) 2C~ ( z
where the discrete components are all regarded as local-
ized at x = 0, and the symbols are defined as follows:
P and I, are the junction phase difference and critical
current, respectively; Q(z, t), Q~(z, t) is the charge field
(give the total charge to the right of x at time t); Qg and
QL, are the charges through the junction and inductor,
respectively; Cp, Lp refers to the signal transmission line
of impedance Zp —QLp/Cp', Cn, LR refers to loss trans-
mission line of impedance Z~ = gL~/C~, and Hy(z)
are Heaviside step functions, where H+(z) = 1 for x )
0 and H (x) = 1 for z ( 0.
Using this Lagrangian, the momentum density IIy con-
jugate to the phase P equals zero. This primary con-
straint must therefore have zero Poisson bracket with
the Hamiltonian. A second primary constraint also exists
giving
II@ —0,
hIIq, ——b(z) = 0 .2c
Primary constraints are said to be weakly equal to zero
since Poisson brackets must be calculated first. Con-
straints can be classified as first or second class where the
label second-class identifies those that have nonzero Pois-
son brackets with each other. Second-class constraints
can be eliminated with a modification to the Poisson
brackets. The remaining first-class constraints are added
to the Hamiltonian, providing there exist coeKcients that
ensure the constraints hold for all time. Having formed a
new Hamiltonian that is consistent with the constraints
imposed by the functional form of the Lagrangian, a
quantization procedure for the new Hamiltonian depends
on the specific system. Sundermeyer briefly describes
several methods in Ref. 6. In the present report, these
are applied to the Josephson parametric amplifier.
The two constraints (7) have nonzero Poisson bracket
with each other and therefore are called second-class (pri-
mary) constraints. Dirac brackets5 must now be defined
so that the coordinate P can be removed from the Hamil-
tonian theory. All fundamental Dirac brackets remain
the same as corresponding fundamental Poisson brack-
ets except for (P, II~)DB which, by definition, is strongly
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h
C = —(y+2~n) .2e (8)
Statistical eA'ects due to vacuum fluctuations or quantum
noise have not been incorporated in all aspects of the
theory. In Eq. (8), vacuum fluctuations in the current
density around the loop are assumed to be zero, which is
also implicit in previous work. With these assumptions,
the trapped flux is a single-valued measurable quantity.
It can therefore be described by a Hermitian operator.
We use the coordinate P rather than C throughout, for
comparison with Yurke's paper, but it should be noted
that it is in fact the flux that we quantize, as defined
above. In other words, even though P is intrinsically
periodic, it is possible to distinguish P from P + 2x by
measuring the flux and using (8) as the defining equation
for P. The fact that C, and hence P, is now singled valued
when n is fixed removes the possible objection mentioned
earlier.
The Lagrangian density follows from the current equa-
tion
hI = I, si Pn+ C—P+ (P —Po)+ IIi2e 2eL (9)
(where Po describes an externally applied flux and all
other symbols follow from previous notation) and is given
by
equal to zero. The Dirac bracket of any second-class con-
straint with any function of the p's and q's is also equal
to zero, so that one can take the constraints as being
strongly equal to zero. The Hamiltonian can now be
quantized in terms of the four remaining coordinates and
their corresponding momenta. Consequently, the correct
Heisenberg equations of motion do not follow from the
"usual prescription" as indicated by Yurke, unless some
care is taken.
Clearly, it is the nonlinearity of the junction circuit
that is of physical importance. It would be much simpler
to characterize the system just by the spatially local-
ized time evolution of the junction phase, rather than by
including a Josephson charge QJ. This point of view
is supported by the fact that there exist second-class
constraints on the canonical variables related to the La-
grangian density (6). Thus the generalized coordinates of
most physical importance appear to be P and Q(z, t). It
seems natural to rewrite the Lagrangian density in terms
of these coordinates and corresponding velocities, while
still satisfying the same circuit equations. A similar tech-
nique is used to treat other Josephson devices.
The Josephson parametric amplifier described here
is modeled by a rf SQUID with an experimentally ad-
justable critical current, which in turn can be modeled by
a resistively shunted junction in parallel with an inductor
and capacitor (see Fig. l). That is, the self-inductance of
the superconducting loop forming the SQUID is modeled
by an inductor. It has been assumed here that the ring
is thick compared to the penetration depth. Thus the av-
erage junction phase difference P and trapped flux 4 are
related by the semiclassical equation
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Here we have replaced the density II~ by its spatial inte-
gral py for simplicity. The Heisenberg equation of motion
for P is
~ ~
2e P+ I, sin P+ (P —Po) + Q(0+) —Q(0 —) = 0,2eL
which has the same form as the classical equation. The
field Q(z, t) can be expressed in terms of creation and
annihilation operators. From the Heisenberg equation
of motion for Q(z, t) one can calculate the field output
operators in terms of field input annihilation and creation
operators. In principle, one can calculate the moments
of field output operators in the same way as for opti-
This gives (9) as the Euler-Lagrange equation for
The field Q(z, t) satisfies wave equations on the trans-
mission lines [Euler-Lagrange equation on the inter-
vals (—oo, 0) and (0, +oo)] as discussed by Yurke. ~ The
Hamiltonian density formed directly from (10) has
Hamilton's equations of motion, which agree with the
Euler-Lagrange equations, as it must in a correct canon-
ical theory.
For the Lagrangian density (10), conjugate momenta
are independent functions of the velocities, so that it is
possible to use standard quantization techniques. The
conjugate momentum py is given by
h hC
pp = — 0 —Q(0—) + Q(0+))2e 2e
which clearly displays the coupling between the junction
and the two transmission lines. The classical Poisson
bracket (P, py] is now replaced by (—i/h) [P, p~] and simi-
larly for Q. The quantized Hamiltonian is then given by
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cal parametric amplifiers. But, in this case it is not as
straightforward since the device is highly nonlinear.
In summary, the Lagrangian and Hamiltonian are
not uniquely determined by the classical Euler-Lagrange
equations of motion. There are many functional forms for
the Lagrangian that produce a particular time evolution,
and one should use a form that imposes the least num-
ber of constraints. We have given a simple, manifestly
consistent Lagrangian for the 3osephson parametric am-
pli6er. This produces an unconstrained Hamiltonian that
can be quantized using standard canonical quantization
methods. The Lagrangian and Hamiltonian introduced
here therefore appear preferable to earlier proposals, es-
pecially if nonlinear behavior is being calculated. We add
here that earlier results~ from the constrained Hamil-
tonian used linearization procedures. As these did not
involve commutators of the constrained variables, these
results are not modified by use of the present Lagrangian.
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